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in Il)is ~)a~xu,  wc show that force-based rtasollil)g, for
idc.n(ifying a cluster of palls that cm be ctccoIIlposc.ci
nolural]y  by tl]c applied form, plays an impc)rlal)l  Iolc in
sclcc.lillft  fc.asiblc  subassemblies and allalyz.ill~  subas-
scvnbly  stability in assmbly plannil)g.  “I”l}is  is hccausc
force.-b:iscd rcasonin~  provictc.s a new set of constraints
which arc distinctive from those flonl gconlctI ic Ic.asc)n-
in~. Such constraints not only cnhallce tllc plalllli[l~
cfficicvlcy hut 31s0 allows stability aualysis ill tC.IIIIS of
subassclnb]y cicfoIlnation  due to the Inalillg forces. Spc.-
cifically, foIcc-b:iscci  rcmoning  can be applied (iurin:
tllc subasscmb]y  identification to rcducx  the gcncratioll
of a lalgc l:umbc.r  of  caudicialc  subassc]nb]ics,  ,an(l
applied after the submmb]y idcnliflcatioI)  to climina[e
ulls(ab]c.  subassemblies dcformab]c during 111 stir): ol)cr-
alio]].

hl)st  c)f the cur~cn[ wscarch  in assc.mbl y ]Jlal)nitlg  focus
o n  Illc pure gccmic[ric  xcasonirlg of p a i l  mfi(ir)g
illtc.rfcrcnccs  using c.ilhcr  forward or  l)ackward
appmaclm  [ 1 -5], }Jowcvcr, the ma] asscli)b]y task
dcpcllds also 011 sornc ottler ~)raclical  factom sue}] as
irlt:.lcoIlllcctioIl  forces arid assembly line ins[allaliol)
(c.~. :lSSCJll[)]y  100]S, flXIUI’C.S). ]Jl CJId CI’ tO brirlfi
assclnbly ])]aI)tlin{:  c]oscI”  10 Ihc real WOI1(I  cIlvi IoIllncll[,
these factors Illat  affect the assembly planning i]~
additioIl  to tllc gCc)InC.tric  c.ol]straints shoIild also be
taken into accoul]t.  ‘J’hc force analysis of subassc.mbly
slabi]it  y under the existence ofgravil y or cxtcmlal forms
was addrcsscci  in [6], but the encapsulation of the force
analysis illlo  asscmb]y planning sccmc(l  s(ill missing.

Moreover, when a candidate subassembly is
gcrmatcd,  i t  has to be tested for the stability
co] Kliticms[7],  Several assc.mbly plalmill~  systc.ms have
i~moq)oratcd tllc  stability check, kmt tllcy have c.ithcr
vc.ry lilnitcd check such as a co]mcctiml stability
aIlalysis[8], vjhicl)  tests if all pal R ill tllc subassmnbly
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am rcla(cd  to each other, an(i local  frccciorn of motion
analysis[9],  wl]ich tests if a pan is fIcc to slide; or llavc
a ovcxly complex stability cllc.ck to bc Imc(ical[6].

‘1’hc. IIcccssary  stability conditioIis  fc)r subassc.nl-
blics arc tl)al each sul)asscmbly is citl)cr self-stable OI
stable, with a holding dcviccs, two nlatill~ subasscn~-
I)lics llavc  a coInn)cm  stable assembly pose, and each of
the nlati)lg subasscIllblics must maintain [he gcoInctric
]clationships o f  pa[ts (iul-in~ tllc ]natillg o~)cratioIls.
‘J’}lus,  [IIC stability clIcck llc.cds both gcoIIlctIic ald
physical reasoning on subassemblies.

‘J’l)is  ~)aj)cr  pIcscIIts  a v,~ay  to c o n s i d e r  tl~c
inlcrconncc[ion force factors whml $,cIlctatill~ all
asscmb]y  plan. SUC.11 finalysis Ilot cHIly affccls tllc
~cllcmtio]l  of assembly scqucIIccs  lmt also provictcs a
IIlc.thod for tllc stability :inalysis which consequently
affects tlIc assclnbly  costs. A II~c.tl  Io(i is (icvclopcd  usins
the algoI itlllll for solving maxilnal flow lmoblcm for
such force anal  ysis. ‘J’llis  paI [ic.u]ar  IIIc[l Iod is also uscci
for Inorc colnj)lc.tcd  stabi]ily analysis of subasselnblics.

‘J’lIc core of backwalci assembly ~)lalnlil~g  is tc) find the
valid fc.asiblc  subassemblies W])ich  satisfy soInc,
Ilcccssary and sufficicIit  constraill[  coIldi Lic)ns  suc]l  as
accessibility, COIm IlOII Ic)cal flccdoln of lnotioIl, free
InatiIlg  pat]ls  and so cm. As slate.d ~)re.viously, another
ilnportant constraint is the irltcrcc)Illlcctioll  form for
asscInbly task. Wit}lmlt considcrirl~ tllc rc.al
intcrconncclion  forces, all assembly plaTmil)g system
with cHlly pure geometric )casoni[]g ]nay Scncratc SOII)C
illfcasiblc asset nbl y Scqucncc’.s. lJsually, the.
iIltcIcoI~l]c.ctio]]”  force information is provictcd  frcnn the
design specifications by the assembly (Icsigtlcrs.
IIasically, lhc intcrcoImcctioI1  forces arc dctcnniflcd  by
Inany factors such as illtcrcc)llllccliol)  types, c]caranccs,
matc,rials etc., which can bc obtainc.d  frmn tllc dcsify)
handbooks. II) this paper, we assume that the. force.
information is avai]abk from the dcsigll  sp2cifica[ioIs.
“J’hc  detail of how to calculate the foIcc is ano[hcr issue



k’ Wlicl; will not be addressed here.“.
in the prcvicms work [10], the intcrconlmtion

feasibility of each liaison is tested by idc)ltifying t}]c.
cxiskncc of paths that can propagate forcm through
thcm to the place. where the connection or disconnection
to be colmidcrcd.  “l”hc  parts associated willl  a liaisons
that violate.s the illtcrcmnncction  feasibility arc then
merged togctllcr.  l~ccause  of considering individual
liaison locally, his approach can only I_illd  the sufficic.r]t
condition for the intc.rcolll]cctioll  feasibility Ics[. A new
approach based on maximal flow and nliniJnal  cu[-set
mc[hod for such force analysis in assclnb]y plalmin~ is
(Icvc]opcxl. ‘ll]is ap~mach  is base.d on tlic allalc)gy
Mwccn  tllc liaison graph of assembly and transport
nctwolk,  ‘J’hc. (ictail  i s  d iscussed il~ Ilm follow’illg
subsections.

?, 1 l?QJCQ JIascd A!lalysis. LJsing_h43xinl?l  flQ>v.
-Al ~~ri [1 m

In tllc  real assembly cnviro]]mcn[, the assembly task is
usually cwistraincxl 10 operak ilk some ccl[aill  dircctiol]s
(Iucf to the ins[allalion of assembly tools (such as
robots), the fiitums and the design of Ihc assembly as
well. With suc}l  obscwation,  instead of scarcbillg the
whole cut-set space, possible Subasscnlblics can bc
idclltificd by consi(lcrinc only in Ihosc col]s[raincd
(Iimctiol]s  with the asscll~bly Jixcd in ccl-tain  ~~ositions
and oriclltatiolls. CWnbilling  tlmc cnvimnmcnt
cm~straints  wi~h tl]c geometric and physical constraints,
many umtcsircd assembly sequmccs can be prurml out
to illcmasc lhc cfficic.licy of asscmbl y ~danllin~.

‘J’hc maximal flow problcm[  12.] is [o find Ihc
lnaximal  flow through a flow nc.twork with a source,
silk  an(i spccificd flow capacity of each link. “J’hc
algo]ithm[ 13] used to solve this t yjw. c)f IMoblcln is
adoptcxl  for tllc force analysis in assembly plamling
bccausc  tllc  flow llctwork model is simi~r to the liaison
glaph ]nmicl used in assclllbly planning with the flow
capacity of each l i n k  ccmcsponding  t o  tl)c
illtcrco)lllc.clioll  force of each liaison ill liaison glaph.
‘1’llc IIiaxilnal  f l o w  th:it  the lictwolk call  carry i s
analogous to the minimal form that the tools can apply
to (Iccomposc the assembly and the two subgraphs
gcllcratcd l)y tllc  Jni])inlal  cut-set found in the algolitlml
is analo~ous  to the possible subassemblies gcncratcd
ulldcr tllc  fmcc. ‘1’hc analogy bctwc.cn the flow nclwork
and liaisml jyaph with force analysis is sumnlarizc.d  as
follows:

l:Jow Network 1 .iaisml  Graph
--------------------- ------------ ----------- . . . . . . . . . . . . . . .
Capacity of li~lk Rcquil cd lntcrconncction

force of liaisc~ll
IJlow’ Force propa~atc.d  through

the liaisol)s
Maximal Flow Minimal force to decompose

the assembly
Minimal Cl)t-Sets ]’ossiblc  direct subasscnib]ics

gcncratcd under the minimal
force (maximal flow).
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(b) Simplified 1.iaison Graph

A }]ypothc,tical  assc.lnbly  m]d its simplific.d

]iigurc 2. I:Jow nc.twork  moclcl  of the assembly
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7W algcMilhn]s  for solving the. maximal flow

problem had bc.cn proposed in many litc.1 aturcs  [ 1 ?.-14]$

C)Im of lhc algorithms which can find the maximal flow
and idc.ntify  one nliniInal CLJt set that is mar  lbc source
is illuslratccl  in Appendix A [13]. ‘J’l)is algorithm is
base.d on lhc algorithm dcvclopcd by l’ord aid
l;ulkcrson  [14]. ‘J’hc time complexity of this algorithm is
0(V21;) wbcrc V is lbc number of vcrliccs .mt E is the
number of cd.gcs  in the network. ‘l’he concept of how the
maximal flow problem model is used for force. al)alysis
of subassembly identification in btickward  assembly
plannin~ is illustlatcd in the followillg cxalnple.

~iX~!j~L~1c;__h4  ?xi111.?L_flQl!!__ IIEtlIQSl ..jc)r..  submcln  bly
~clcl!tiflcatiml

A hy})othc(ical  assembly with P5 fixed in the assembly
line, 1’1 as acccssib]c parl for the assembly 1001 ald a
pal licular assembly direction is shown ill l;igurc. 1.(a).
“1’hc  simplified liaison graph of this assembly is show{]
ill liigurc. 1.(b). ‘1’hc number associated with each c.d~c
rcprcsczlts  the ill[crcol)l]cctic)Il  force that is rcquilcd  tc)
establish or brbk tbal liaisoll.  l“hc liaisoll  fyaph of the
asscnlbly with the environment ccmstraints is
lransfonnc(i  illKJ a flow Imtwork model as shown in
l;if:urc.?..(a).  I\y using tbc algorilhm lis[c.d ill Appendix
A, w]]cn tbc. al~orithm tcrlni~latcs,  lbc maximal flow is
foul]d to & 15 and a minimal  cut set llcarcst to Il}c
souIcc is idc]ltificd  as S1=- (P] ) and S?= (1’?, 1’3, 1’4,
1’5).

When the flow network machcs its lnaximal flow,
those links that reach their full capacities will fO1lil a
mirlimal  cul-scl (minimal cut-sets). ‘1’hc lninimal cut-set
ill f]ow nclwo]k COJ”JCSpOlldS  tO I?lC CII[-SC[  in thC ]iaiSOIl
fyaph of assembly wl)ic]l  ildicalcs Illc lxxsible  direct
subassc.mblics  under tbc interconnection force and
cnvilonnlc.l~t  constraints. 111 this example., lwo possible
cwt-scls o f  direct subasscmb]ics  a~c idclllific(i  a s
S(lIIA: {1’1), A-S(illA= {1’?.,1’3,1’4,1’S ) and
S(]2,1A=  (1’1 ,1’?.,1’4 ) , A-S’i21A: {1’3,1’5) as SIIC)WI1  ill
l;igulc.?..  (b). lly using tl]c al~olithm in Appcrdix  A, II)C
cut-set idcll(ificd  is llm OIIC tha~ is near to tl]c source. lf
lbcm is no olller disturbance involved, tlm cut-set that  is
nc.arcs[ to the sour-cc will bc the most likely ciircct
subassembly lhat will be scparatcxt  from the assc)nbly
because it is ncamt  to tbc assembly tool.

2,2 (:~mplct~ h4Crgin~  Pr@Cm

‘1’hc gcomctlic  reasoning for path existence checking is
co]~l~~~ltatic)l-lally  cxpcnsivc.  In our prcviolls woIk, a
process called merging process was dcvcloJxd  to
idcn[ify those liaisons tba[ should bc merged together at

current sta~c to avoid unnccessaly  path cxistc.ncc
checking to ir)crc.asc  the plalming  efficiency. llowcvcr,
in our previous app]oacll,  only the sufficient Collditio{l
for nlcr~ing procms call  bc Cstab]isbcd due. 10 the
locality of individual liaison, Will]  this IICW mcttmd
dcvc]opcd  in this paper, IIIC assc.inbly  is globally
considered for tllc effects of illtmccmncction  forces.
‘1’hcrcforc  the sufficient and necessary conditions arc
cslab]ishcd  for tbc merging process. While tbc flow
llctwoIk  lcachcs its maxilnal  flow, tllc ~)al 1s associated
wit}] the links whose actual flows arc still less than tbcir
capacities am merged Iogc.thcr  10 avoid unnecessary
tests. in general, tllc tirnc complexity for the global path
c.xistcncc  cllcckillg  is ()(N4). ‘]’l IC worst case time
complc.xity o f  tl]c pa[l] c.xistclm cllccki]lg f o r  an
assembly of N parls is ()(2NN4). With the. propmcd
lnc.rging  ~mcc.ss,  tllc time coml]lcxity  for ~xith cllccking
IIOW’ bccomcs ()(IC1N4-I  V21i)  -- ()(k2N4) whc.rc k] and
k? arc some ccms~al)ts.  l’hus tllc tilnc nccdcd for the ~mth
existence chcc.king  can be saved exponentially by
~)aying o]lly the  po]ynon]ial  liJnc nccdcd f o r  t h e
niaxilnal  f low al~oJitbln.  (:ol]scquc.ntly, “1’his  n e w
colnp]clc !nc.rgi[lg ~)rc~ccss can implovc tllc efficiency of
assmbly planning.

?.3 S\llJRsscillllly_  l[iclltificati  Qll

Using Il]c ]nct}lod  discussed above, colisictclatioll  of tllc
irltcrcO1)llc.c(ioll force.s car) be c]ma~mllatc(i  into IIJC
I)ackwald  assc.lnbly  planning for tllc  identification of
feasible subassemblies. ‘1’hc algorithm for identifying
the feasible subassclnblies is summariz.cd  as follows:

StcJ) 1): ]dc.nlify  IIlc accessible pal[s for assmnbly
tools. (Accessibility condition).

Step 2): l>ctcrlnillc  Illc holding palls  and assembly
dire.ctions.

Stc~) 3): “J’rallsforln Illc liaison gi aph into the flow
llctwo]k.

Step 4): liilld  I1lc Inaxilnal  f]o~v ailrl minimal
cut-sets.

Step 5): Week tbc CC) ImnOn ]Ocal fICCdC)lll  of
rnolion for tllc cut-sets in Step 4.

Step 6): Olcck the path cxistcllcc  fc~r scparati])g tllc
cut-sets in slcp 4.

Step 7): check the stability conditions for the
subasscmb]ics  gcncratcd in step 6

‘1’o ictcntify  tbc II(1C feasible subassemblies, the stability
analysis is lcquircd for each subassemblies gcllcratcd
after step 6. “J”hc stability analysis is also nccdcd for the
analysis of assembly cost. Similar force based al]alysis
discmssccl  l]crc may also be used for tbc stability



analysis. “1’hc  stability analysis with gc.cm~ctric ald.
physical ]~asoning  alc discussed in following scc.tions.

Any subasscmbl y fomcd  during the pmccss  of dc.conl-
positiml, SfilA}  is subject 10 a stability condition test,
Some unstable subasscrnblics arc not desirable bccau.sc
1) tbc. geometric relationships of parls composing the
subassc]nb]y  arc not achievable (e.g., fig. 4.c), m 2) the
physical force holding the parts relationships Iogctllcr
cannot maintain the parls relationship.s during the mal-
ing opcratiol~. Smnc subassc.mblics  may require
assistarlcc of holding dcviccs in order to ac.hicvc Ihc sta-
bility (e.g., fig. 4. b), but lhcy may bc ]norc cmlly  Illall
the sc.lf-stable, subassemblies which do not rcquim any
extra lmlding dcviccs (e.g., fig. 4a).

l’hc pI-OC.CSS  of idmtifyin~  unstab]c subassemblies,
thus, have two distinctive constraints that mquim gco-
]nctt  ic. masolling  of subasscmbl y parts, and force-based
reasoning of sulmscmbly  liaisons,

The stability of a subassembly can bc defined in knns
of a set of dircclimls that a subassembly call sc.paralc
fmly. ‘J’lMt is, a paTt or a group of parts lo~cthcr  ill a
subassembly may bc scpara[cd out in some flircction
witlmu[  ally  lcsislillg  foIcc cxccpt t h e  fI,I avitatiol]al
force (frictional force is not ccmsidcnxt).  ~’his  set of
dim.tior)s  is callc.d  ]mcmal  l;IVXtOm  of Motion (Il;hfi).
‘Jllis kind of s[ability  may bc analyzed strictly usirlg
gcornclric rc.asonillg.

1,ct US cicfinc  the following tcnns:  A floating clus-
ter, ];kl(SfilA),  jS a c l u s t e r  of’ pam iI] SfilA, and is
conllcctcd to the rcs[ of SfilA  only’  by floating liaisolls,
liaisons with fm physical force hcdding the l~alls
togc[lIc.r, and a disconnected cluster, l~l(SfilA), is a
c]ustcr of par L$ in SfilA that has no liaison COJIIIC.C.tCd  to
t}E ICSL of SfilA. In at) attlibutcd liaison glaph of SfilAt
C;l~SfilA)  where attributes SUCI] aS mating-palls,  rnat-
ing-tyl~c, illtclcol~rlcctiorl-ty~)c, a]ld so on, arc
assc)ciatcd  with each liaison, };kl(SfilA) conmpon(]s to a
Ccmllcctcd  subgraph of ~J,(SfilA) that can bc scpalatcd
fI’0111  ~~ (SfilA) by a CUt-SC.t CO1lSiStillg  O1lly Of flOatillg
liaisons, called floating cut-set, a~ld IJkl(SfilA) COrJC-
SpOI)(lS  to a (Iiscmncctc.d  Subgraph  of G1~SfilA).  ‘J’hC
fisurc 3 illust rate.s disconnected clusters (1’1 ,I>2,P3 ]
and (1’4 ), of tl]c subassc.mbly,  SfilA.

A ftoatinc cut-set, r-k, decomposes Sf”lA into ~~1($
‘.1A) and SfilA-}’kl(SfilA).  ‘1’hc cluster S~ilA-l ‘kl(s ilA)j
t;lc colnplclnclll CIUSICr  Of ] ‘kl(SfilA) ill SfilA, IIIUS1 IIavc
arl A-node, an accessible and marlipulab]c  nc)dc, of

SflA Wc can define the set of directions that the float-
ini  cluster, ~:kl(SfilA), can bc, separated from Sf.lA-

tI~l(SfilA)  t)y tl~c local frc.cdom  of motion of I~l(S ilA)
against SfilA-l;kl(SfilA)j  ] /]iMk(Sfi!A),  dcfi~)cd  as fol-
lows:

] .] ’Mk(sfi!/i)  c f) l.I’M(li;  ];kl(SfilA),  SfilA-](kl(Sfi!A))

fOr all Ii, /i ill rk, and WhCrC I.l;M(li)}  /i c (nil ,Ili?)j iS lhC
fr~cdoln of molion of ~~il agaim~ Jli2.  (Jlctailed analysis
of frccdoli~ of motion call  bc found in [15])”

l:igurc 3: l>isconncctcd  C;lustcr
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l;igure 4: Subassembly Stability

‘J’lic in(c.mal  freedom of mc)tion of SfilA,  ll;h4(SfilA)  can
bc calclll  a[cd by thC fOl]OWiIl~  I’U]Cs:

1) ll’M(SfilA)  E @, if -3 l>kl(SfilA) and -;I I:kl(SfilA).
~.) ll’M(SfilA)  c LJ ] .};h’fk(rk), v rks

if -J;i I>kl(SfilA), bUt ;! ~;kl(Sfi!A).
~) ll’hf(SfilA)  Z- (~.X, fi.,y~fl z,) , if ~] l~kl(SfilA).

l~x.w14~!cL~!~Ig[ual-  l.;!~~d.olll..~f  h40Jim

‘J”his  cxamp]c shows the process of calculating the irllcr-
IIal f[cc.do)n  of I notion of subasscmhly, S1, in the figure
4(a). ‘lIIc A-node of the subassembly S1 is IIIC part PI,
and all the liaisons arc floating liaiscJ1ls.  ‘J’hc liaisons arc



Clcfincct”as,  11 =- (1’?.,P1),  1~ =“ (m,]’1), al)(t 13 = (P?,P3).
The floating cut-sets am, r] = (/1, /2), rz ~ {/1, /3), and
r3 = {12, /3). l’hc I.I;M(lj), for i ~ 1, 2, 3 arc, l,l’M(I1) =-
(-t z.), 1,1’h4(/2) == {+ z,), awl I,}iM(/3)  = (-i z). Note that,
] .FM(I>2,1’1)  c -1 .l’M(PI  ,] ’2.). l’hUS,  -l.,I;M(I1) =- {-z), -
1.l:h4(/2)  u {-z,), ald -1 .l:h4(13) =- {-~,). l’hc local free-
dom of nlotio]~ of c.ut-sm are, LI’Mk(rl) =-. 1.]’M(/l) n
1.1’M(/2) : (+z,), 1.I’h4k(rz) == I.FM(ll) o 1.1iM(/3) =
(+ x), and I l’Mk(r3) = 1.1’h4(12) n - 1. FM(13)  = { ), ‘1’hc
intc.rnrsl frc.cdom  of motion of S1  i s ,  IFM(S 1) =
1 J’Mk(rl) LJ 1,l’Mk(r~ u 1 l’h1k(r3) = (+ z).

NO(C tl]at,  lllC sclc.ction  of 1.l’M(li)  or -1 ,I;h4(/i)  lllUSt
bC C@ IISiSIClll  with lIE SCICCtCd  CUt-SCtS. “]’hat is, /j =
( J ’i l  ,~’jp), /j C r~, SllC~l  (}lat al] ~’jl 11111S[  t)C]O1l~ tO l}IC
same cluslcr and all l’j~ must belong to tllc c)[lm cluster
that arc paltitiolmi  by the floating cut-sc[. “1’hat  is wlIy  -

] ,l(M(/3) was C]1OSCI1 fOr 1.};h4~(r~): ]’1 and 1’2 bcIoIl& tO
tlIC SamC CIUS(CI.  llascd o]) the clcfrnitioll  CIf ll’M(SfilA),
\\,c ~,:lT1 ~s[[i{)]js~l  ~IIC s[~lj]ity Condi[iol]  for SfilA, fis fol-
lows:

1) SfilA is sai(i  10 bC sc.lf-stab]c, if 11’h4(SfilA) is ]~ull,  or
1 I’h4(SfilA) has at most a sillslc transl~tional  fl”cedonl  of
motiml will] a rotational fIcc(ionl  of motion only about
Ihc axis of translation. };or example, tllc subassembly S 1
in the figure 4(a), with II;M(S1) = {+ z.}, is a self-stab]c
Sul)asscnll)ly.
?.) SfilA is said to bc slablc with the assistwlcc of llcd(iing
(ic.vices, if cacll lJkl(Sfil  A) or l;kl(SfilA),  with I]]()]c I1]zI]]
a sil~glc  Imnslat  ional  freedom of motion, mltains  ml A-
Anode of the assc.rnb]y  A. ‘J’his implies that the ]nating
opcratioll of SfilA can bc stabilized and complctcct  with
lhc assistance of cxlcrnal  (ie.vices holding l>kl(SfjlA) or
l;kl(SfilA)  Of J]]OIC  tl]an a ]Kg-aTKl-hoIc  tyj~ of ]Ilotio]l”
fl’CcdO1ll against SfilA-l;kl(SfilA).  ];O1’  example, l}]c Sub-
assembly S? in lhc figure 4(b), with lI;h4(S2.)  =- {:1 x,
+ 7.), requires a llol(iin~  dcvicc.
3) ()~l]c.m~isc,  SfilA is said tc) bC UIISKtblC.  l;or cxarnplc,
the subassembly S3 ill the figure 4(c), witl) 11’h4(S3) =
(-l L -~.), is ulls[ablc bc.cause 1,1’h4~((1’9), {1’-/,8)))) =
1,l;M(J’9,1’”/)  n 1,1’h4(J’9,P8) z (-l z., -2,), whc.rc 1’9 is lmt
all A-]m(ic.

~, 1,1 ..lrn~l.c.nl  g~ali~rn~f] ]Ilvylal  .F!vc.dm @_MNim

‘J’hc c. fficic]lcy  of the algc)rithm  for fincli[]g the floating
cut-sets c)f a subassembly can bc improved try using the
cont[ac(ing lncthod.  ‘] ’hat is, the aitributcd  liaison glaph
of subassc.lnb]y  can bc rcctuccd  to a graph with lesser
nu[nbcr of nodes, where cacll  of IICW ~lodcs  is fol-snc(l
by collcc~ing  the parts conncctcd  by non-ftoatill~ liai-
sons. A liaison is classified citlm floating or llon-float-
illfl. ‘1’l]cn, the algc)ritbm for finding cut-scls,  similar to

[11 ], can bc applied to this ncw graph, C)ur algorithm
partitions the parts set in[o a set of all possible two
componcrm, and lcsts  if each subgrapb  evoked by cacll
part component forms a connected Sraph. A cut-set, a
set of edges not included in either of the subgrapbs,  is a
valid cut-set only if both subgraphs arc conncckd
graphs. l’or cxarnplc, the flashlight assembly in the fig-
ure S shows the attributed liaison graph, the contracted
graph, and the ftoa(illg  cut-sets. As it can bc sum, the
cml(rac[ing  mc.thc)d  rcduccd  the graph of 8 nodes to a
l]CW &aph Of ~ nodes.

3., L?..sjimlc  cQJJ2!11.QJLAss_$!lt~!  y JKKc

lWCn tllo~]~b  SfilA aT]d A-SfilA arc slaldc  with OiIC o r
more s~ablc assembly poses, they ca]lllot  bc sclcctcd as
fc.asiblc  subasse.li~blics  if SfilA and A-SfilA (Io not IMVC.

a common assc.rnb]y pose. All assmnbly  opcratiorl  of
$f 1A and A-SfilA  is only  possible if thcy  have a COIII-‘i
Inon stab]c  assembly pose.

Ic1 us assume that the parls (P5, 1’6, 1’10] form a
subassembly (fi~um 6) of an assembly, whm the lirri -
SO1l 14 has L1lC lnating t~)c of imcr-t and the
interconnection type of at[achlnc.llt,  and the liaison 15

has the Iilatiug  type of insert and the interconnection
lylx of prc.ss-fit.  <Me. l>ossiblc  cut-set for this subasscn~-
bl y is (15). ‘J”hcm,  tllc set of slablc  :isscmbly  ]msc.s for the
subassc.mbly  {1’6, 1’10] is {-y.], al]d for the subassembly
(1’5) is (:I x,:1 ,y,~ 7.) (fisurc  ‘/.) ‘1’bus, tl]c set of cormllon
stah]c  assc.rnb]y Imscx  is {-7.],

(a) An IIxplodc(i  View

. . . . FlOa[Iiaisons  - - - - Nonfloa[ing  J .iaisons

(b) Abstract 1.iaison  C;ralh
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];igurc 7. Assembly }’OSCS of Gear Subassemblies

Ciconlcllic  masolling cm a subassembly is not sufficient
to test for the slability condition of feasible subassem-
blies. Some c lus ters  of  pam may folm s(:iblt
sul)aswnblic.  s, but tllcy  may Jlot lx slahlc  10 p e r f o r m

mating operations. ”1’hc feasibility of al)plyin~  force
mquilpd for the interconnection of SflA and A-SflA,

f’ f’whi]c maintainin~  stability in each S ilA and A-S ilAj
rcquims reasoning on the force delivery to lhc mating
liaisons through the intcrrncdiatc liaisons.

‘1’0 Icst the fcasibi]ity  of applyillg force for the intcr-
c.onncction  of mating liaisons, /i* WC may dCfinC thC
following: lntcrnal  Static Force Space of a subassclll-
My, l.$FiS(d,SfilA),  analpcs  the force deliverability of
an external force app]icd  to an A-)lode, Ihmugh the
intcnncdiatc  liaisons, to the mating liaisons, lit in d
cfircctioll, d c (~ x~~.,y,fl ?.). Thc complex network of
intcrmcdiatc  liaisons must be analymd such that each

liaison does l~c)t  rcccivc  more force than its form capac-
ity (force required to separate. it ill -d diI~ction),  and
each matins liaison rcccivcs  the amount  of force equal
to its mating fo~cc.  in other words, lS1’S(d,SfilA)  is used
to check if the geometric relationships among the pam
can remain unchal]gcd  by the mist ii lg operation. We
assume that parts arc rigid.

‘1’hc force applied to a node. is equal to force out of a
node, that is, >Fini = X[”a”\  (frgurc 8) where i,j 20,  and
I:lni is the form into a node and FQ”\ is Ihc force out of
a node. Bach liaison has its force capacity 1$, where Fini
< },Gi and l<O”\ S Ii<j.

NOW, intcnlal static fore.c space problcrn of SfilA
IIlay bc restated ill the follc)willg  way. l;illd values of liilli
and I<ou\  for all liaisons in SfilA such that the followinfl
conditions ]lO1d: ~l’i”i  ~ >;T4QL’tj,  ~:i’]i  < ]~:i, l<Ou~j  S I<+j,
and D’ou[ -k‘. X I1”ta~iT]~l  forcc$, for X1’O1l~k of matll\~  ]ial-
SOM. ‘J’hc last ccmdition tc.lls  us wllc.the.r tbc c.xtcm)al
force is dc.livcrahlc  to ma(ing liaisons.

o ~,, ],cil[ ()xc) ‘ o
~:ir] ‘“ -+~’2,.,.
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l’igurc 8. I’orc.c into a Node }~qua]s  to l’orcc Out

lSFS problcm can bc solved using a maximal-flow
al~orithm  wi[h some chmgcs  to tlm representation of
~l(SfilA),  the a!t ributcci liaisc)n g] aph. ‘l’he maxinlal  -
flow algorithm is based on ftcnv network mock], 1’NM,
that is dc.fined  as: A ciirc.ciccl graph, will] a source. node
aucl a sirlk I1OCIC; each edge is associated with nonncga-
Iivc integer f(u,v) for all Ilc)clcs cnhc.r than the source c]r
sil)k: ~f(u,v):- >~f(v,u),  whc.rc f(u,v) quantifies the flow
from some u to some v; each cclgc  is associated with
c(u,v), callccl  capacity: O S f(u,v) < c(u,v).

“J’hc result c)f applying the lnaxilnal-flow algolilllrn
to l;NM(d) is the maximal flow into t}Ic sink node from
all mating node.s which is ccplivalcrlt  to maximal force
(up to the force. requiI cd for the intcrconncction) that
can be app]icd  to the lilating  nodes from the A-node.
Note that wc must assign each matin~ liaison the forc~
little larger thall the actual force in I’NM(d) bccausc the
external fc)rcc must be greater than the mating force 10
comp]ctc  the intcrconlwctio]l.

Now, wc will dcscribc tllc algorit}]rn  for J.’il’.$ which
}Iavc trccn im~)lcmlclitcd.



St@ 1’) ‘J’ransform GI (SfilA) into }’NM:
- Ch-catc  an army P of parts in {il(SfilA) and add a
special pall *sink* to 1’.
- I’or each liaison, (1’i,Pj),  ill Gl~SfilA)  DO

If the mating direction, c1 E 1,FM(J’ill’j)  then
If l’0RC13(PilJ’j)  iI’ O then

add the pair (J’j, FORCl!(J’il Pj)) to the Pi list
lilsc

add the pair (J’j, H) to Ihc Pi list.
If the mating dimclion, d c I.}iM(PjlI’i) then

If l’OR~I\(PjlPi)  # O then
add tllc pair (Pi, FORCli(}’jll’i))  to llIC Pi list.
add Ihc pair (J’i, ~) to lllc l’j list,

(Note: l;C)R~l~(l>ilPj)  is the disassembly force
of l’i fmm 19..)

- l’or each mating parts, Pk K G1 (SfilA) 1)0
Add the pair (*sink*,Fk) to tllc Pk list, wllcrc  l;k
is the mating force of l’k.

Step 2) Apply the Maxill~al-1’Jow’-Algoritllll~
10 calculale  the MaxinM-IiJow[l?  .-14].

Stc.p 3) If Maximal-blow equals to the suln of mating
forces, [hen retunl  S’1’ABJ .1;,
Olhcrwisc, r~tunl  lJNS’1’AIll .1;.

‘J’hc flgurc 9 illustrates ISPS analysis of two sim])lc  n~at-
i]lg subassemblies (figure 9 (a)), with tllc ma[ing
direction equals to 7. Both subassemblies co?~sist of
only ll]Ic.c pal (s, al}d the c~rrcsponding  attl  ibutcd liai-
son graphs arc shown (figure 9 (b)). A-llodcs of each
subassemblies arc c.olorcd dark. ‘J’he subasscmblic.s  arc
transformed into I;NM as follows: liN”M(-z.)  for the sub
assembly consisting of par[s {A, B, C), and 1;h1h4(+ z) for
the subassembly consisting of ~)arls  {11,13,1;),  W1lCIC  the
capacity (force) of cacll Mige  (liaison) is shown on tlw
light side of lhc  pailcd  value on CaCh  edge (figure 9 (c)).
C)nc of tlIe. possible solution of maximal flow is showl]
ill tllc  fi~:ul  c 9 (c) (smnc symmctlic  dircctc.d edges am
llc~t d] awn to make the figunt  clear, and lhcy have flows
equal to ~.cm) for each subassemblies, “J’lle subassembly
consisting of parls {A,}3,C)  }16s the sum of the maximal
flow equal lo Ihc sum of the capacities to the sink, w]lich
means that it is stab]c for the mating opcratioxl,  but the
other subassc.mb]y  has smaller sum of maximal flows
ttlall  the sum of capaci[ics, which means that it is ullsta-
blc for the Inating opcralion.  C)vcrall,  this result
indicates that the.sc subasscrnblics  calmc)t bc chosen as
fcasib]c subassemblies.

We call now establish the stahilily collditioll of SfilA
and A-SfilA in the following way:

1) lloth  SfilA and A-SfilA must bC self-stable or stab]c

with aid of holding dcviccs.
?.) SfilA and A-SfilA must have a COnln]On  stable assenl-
bly ~st.
3) lntcnlal  static force space of both SfilA and A-SfilA
must have the static force greater than the cxtcmal
force.

4 COnqlusiol]

“J’his paper con(ributcs  to automatic asseri~bly  planning
wi th  a  distillctive  corls(raillt,  say, intcrconnc.c[ion
forczs.  added to the assembly plarmi)lg,  and a ncw and
more c. fficicnt methodology for decomposing a subas-
sembly during tllc assembly planning. lrl addition, with
Itlc dcvcto@  force-basc(l rcasorling  method, more
utlstablc subassemblies may bc pruned out during ear-
lier stages of subassembly decomposition phase. l’hc
force-based reasoning prcscntc(t  hcfc is thus imporlant
and nccc.ssary to bring the. assembly planner clcmr to
real wo~ld  ci)virolm~cnt.

I 811
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l;igurc 9. IIllcnlal  Staticc Fcrrcc Space
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Appcmdix A: Algorithm for fin(iing  Maximal flow
and Minimal cut-set [13]

Input: A mtwork with source a, sink z, capacity C’, and
vcrlice.s a = vo, .,.,, z = vi).
output: A maximal flow 1; and a mirlimal cut-set (P, ];).

1. [lnitiali~jc  flow]:
Set ]’ti= ~ for CaCh  edge (iJ]

2. [1 .abcl  SOUI-CC]:
1 ,abcl vcrlc.x  a( , ~)

3. [Sink labc]cd??]:
Ifthc sink z is labeled, go to step 6.

4. [Next  labeled VCIICX]:
~llCJOSC I1]C I]Ot yct cxanlilmd, labeled VCIICX  vi

wit}] smallest illdcx i.
lfnonc, slop (the flc)w is maximal;

I’=:sct of ]abclcd vcrticcs,  ~;LA-l’);
ClSC, SCt W:Vi

5. [1.abcl adjacent vcrticcs]:
I Ct (a., A) lx the label of v. lixaminc cacll  edge
adjacent to v in the form of (v,w), (w,v) [in the
order (v, vo), (vo,v), (v,vl), (vl,v), . . ...]. where w is
unlabc.lcd.
1 ‘or an cxigc of the form (v,w), if I’VW<(2VW,

1,abc] VCT(CX  w: (v, mil){A, ~V,+, - I;WV}),
if]{“,, FCMV, do 110[  labc] w;

1 ‘or an edge of the form (w,v),  if 1’,,,>0,
1,abc] vertex w: (v, mill  {A, Ii,,,u)),
if li},,v =- 0, cio ]lot ]abcl w.

Go to Step 3.
6. [Revise Ihc flow]:

hack track from z to find the path p from n to z.
If the edge in p is properly oriented,

incrcasc  flow in c by A;
otherwise dccrcasc the flow by A.
Go to Stc.j)  2.
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